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CHAINS OF SATURATED MODELS IN AECS 


WILL BONEY AND SEBASTIEN VASEY 


Abstract. We study when a union of saturated models is satu¬ 
rated in the framework of tame abstract elementary classes (AECs) 
with amalgamation. Under a natural superstability assumption 
(which follows from categoricity in a high-enough cardinal), we 
prove: 

Theorem 0.1. If AT is a tame superstable AEG with amalgama¬ 
tion, then for all high-enough A: 

(1) The union of an increasing chain of A-saturated models is 
A-saturated. 

(2) There exists a type-full good A-frame with underlying class 
the saturated models of size A. 

(3) There exists a unique limit model of size A. 

Our proofs use independence calculus and a generalization of 
averages to this non first-order context. 
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7. On sup erst ability in AECs 
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1. Introduction 


Determining when a union of A-saturated model is A-saturated is an 
important dividing line in first-order model theory. Recall that Harnik 
and Shelah have shown: 

Fact 1.1 f |Har75] . Theorem III.3.11 in |She90] for the case A < |T|). 
Let T be a first-order theory. 

• If T is superstable, then any increasing union of A-saturated 
models is A-saturated. 

• If T is stable, then any increasing union of A-saturated models 
of cofinality at least |T|+ is A-saturated. 

A converse was later proven by Albert and Grossberg jAG9n| Theorem 
13]. Fact 11.11 can be used to prove: 

Fact 1.2 (The saturation spectrum theorem, VIII.4.7 in |She90j i. Let 
T be a stable first-order theory. Then T has a saturated model of size 
A if and only if [T is stable in A or A = A<^ -|- |iA(T)|]. 

Although not immediately evident from the statement, the proof of 
Fact 11.11 relies on the heavy machinery of forking and averages. 

While the saturation spectrum theorem has been generalized to homo¬ 
geneous model theory (see |She781 Theorem 1.13] or |GL021 Theorem 
5.9]), to the best of our knowledge no explicit generalization of Fact 
ll.ll has been published in this context. Grossberg |Gro91] has proven a 
version of Fact 11.11 in the framework of stability theory inside a model. 
The proof uses averages but relies on a strong negation of the order 
property. Makkai and Shelah [MS901 Proposition 4.18] have given a 
generalization in the class of models of an Lf, sentence where a is a 
strongly compact cardinal. The proof uses independence calculus. 

One can ask whether Fact 11.11 can also be generalized to abstract ele¬ 
mentary classes (AFGs), a general framework for classification theory 
introduced in [She87j (see |Gro02j for an introduction to AFGs). In 
[She09al Theorem 1.5.39], Shelah proves a generalization of the super¬ 
stable case of Fact 11.11 to “definable-enough” AFGs with countable 
Lowenheim-Skolem number, using the weak continuum hypothesis. 

































CHAINS OF SATURATED MODELS IN AECS 


3 


In chapter II of [SheOQaj . Shelah starts with a (weakly successful) good 
A-frame (a local notion of superstability) on an abstract elementary 
class (AEG) K and wants to show that a union of saturated models 
is saturated in Kx+. For this purpose, he introduces a restriction <* 
of the ordering that allows him to prove the result for <*-increasing 
chains (Theorem II.7.7 there). |She09al Theorem 1.5.39] is another 
generalization to the case of AECs with countable Lowenheim-Skolem 
number. Restricting the ordering of the AEG is somewhat artihcial 
and one can ask what happens in the general case, and also if A"*" 
is replaced by an arbitrary cardinal. Moreover, Shelah’s methods to 
obtain a weakly successful good A-frame typically use cateraricity in 
two successive cardinals and the weak continuum hypothesis. 

In [She99] . Shelah had previously proven that a union of A-saturated 
models is A-saturated, for K an AEG with amalgamation, joint em¬ 
bedding, and no maximal models categorical in a successor A' > A (see 
[Bal09i Ghapter 15] for a writeup), but left the case A > A' (or A' not 
a successor) unexamined. 

In this paper, we replace the local model-theoretic assumptions of She¬ 
lah with global ones, including tameness, a locality notion for types 
introduced by Grossberg and VanDieren |GV06] . We take advantage 
of recent developments in forking in tame AEGs (especially by Boney 
and Grossberg uni and Vasey |Vasc( IVasb] ) to generalize Fact 11.11 to 
tame abstract elementary classes with amalgamation. Our main result 
is: 

Theorem 1.3. Assume A' is a (< A)-tame AEG with amalgamation. 
If K = Dk > LS(iG) and K is categorical in some cardinal above k, then 
for all A > (2^)’*', gjg^gg gf A-saturated models of K) is an 

AEG with LS(A:^-"^*) = A. 

Proof. By Fact 12.211 and Gorollary 14.51 the union of any chain of A- 
saturated models is A-saturated. Imitate the proof of |She90( Theorem 

III. 3.12] to see that LS(A:^-"’^*) = A. □ 

Notice that if is an AEG, then any increasing union of A-saturated 
models is A-saturated. Thus, in contrast to Shelah’s |She99] result, we 
obtain a global theorem that holds for all high-enough A and not just 
those under the categoricity cardinal. Furthermore categoricity at a 

^See for example [SheOQai Theorem II.3.7]. Shelah also shows how to build a 
good frame in ZFC from more model-theoretic hypotheses in [SheOQal Theorem 

IV. 4.10], but he has to change the class and it is not clear his frame is weakly 
successful. 
































4 


WILL BONEY AND SEBASTIEN VASEY 


successor is not assumed. We can also replace the categoricity by var¬ 
ious notions of sup erst ability defined in terms of the local character 
for independence notions such as coheir or splitting. In fact, we can 
combine this result with the construction of a good frame in |Vasb] to 
obtain the theorem in the abstract (see Theorem O for a proof): 

Theorem 1.4. If is a tame superstable AEG with amalgamation 
(see Dehnition I2.18p . then for all high-enough A, there exists a unique 
limit model of size A. 

This proves an eventual version of a statement appearing in previous 
versions of |GVV] (see the discussion in Section [7]). 

It is very convenient to have an AEG, as saturated models are 

typically better behaved than arbitrary ones. This is crucial for exam¬ 
ple in Shelah’s upward transfer of frames in |She09al Ghapter II], and 
is also used in |Vasb] to build an cn-successful good frame (and later 
a global independence notion). We also prove a result for the strictly 
stable case (see Theorem 16.lUI for a proof): 

Theorem 1.5. Let iL be a stable (< fi:)-tame AEG with amalgamation, 
A > LS(iL). Then there exists Xo < -^o < ^( 2 «:)+ such that whenever 
A > Ao is such that < A for all /i < A, the union of an increasing 
chain of A-saturated models of cohnality at least Xo is A-saturated. 

One caveat here is the introduction of cardinal arithmetic. When deal¬ 
ing with compact classes (or even just (< a;)-tame classes), the map 
A I—)■ A^^^ can be used freely. Even in the work of Makkai and She- 
lah |MS90] . where a is strongly compact and the class is (< /s;)-tame, 
the map A i—)■ is constant on most cardinals (those with cohnality 

at least k) by a result of Solovay. However, in our context of (< a)- 
tameness for k > a; but not strongly compact, this function can be 
much wilder. Thus, we need to introduce assumptions that this map is 
well-behaved. Using various tricks, we can bypass these assumptions 
in the superstable case but are unable to do so in the stable case. For 
example in the theorem above, the cardinal arithmetic assumption can 
be replaced by “iL is stable in /x for unboundedly many /i < A”, which 
is always true in case K is superstable. 

We use two main methods: The hrst method is pure independence cal¬ 
culus, relying on a well-behaved independence relation (coheir), whose 
existence in our context is proven in |BG1 IVasc] . This works well in the 
superstable case if we dehne superstability in terms of coheir (called 
strong superstability in |Vasb] ) but we do not know how to make it work 
for weaker dehnitions of superstability (such as superstability dehned 
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in terms of splitting, a more classical definition implicit for example in 
|GVVj ). The second method is the use of syntactic averages, developed 
by Shelah in |She09bl Chapter V]. We end up proving a result on chains 
of saturated models in the framework of stability theory inside a model 
and then translate to AECs using Galois Morleyization, introduced in 
|Vasc] ■ This method typically gives lower Hanf numbers and allows us 
to use superstability dehned in terms of splitting. 

The paper is organized as follows. Section |2] introduces the necessary 
preliminaries, but contains nothing nevH to those familiar with |Vasb] . 
Section [3] gives the argument using independence calculus culminating 
in Theorems 13.141 and 14.41 Both of these arguments work just using 
forking relations, drawing inspiration from Makkai and Shelah, rather 
than the classical hrst-order argument using averages. Section [5] de¬ 
velops averages in our context based on earlier work of Shelah and 
culminates in the more local Theorem 15.271 Section [6] translates the 
local result to AECs and Section [7] proves consequences such as the 
uniqueness of limit models from superstability. 

This paper was written while the second author was working on a 
Ph.D. thesis under the direction of Rami Crossberg at Carnegie Mellon 
University. He would like to thank Professor Crossberg for his guidance 
and assistance in his research in general and in this work specihcally. 

2. Preliminaries 

We review some of the basics of abstract elementary classes and £x 
some notation. The reader is advised to skim through this section 
quickly and go back to it as needed. We assume familiarity with a 
basic text on AECs such as |Bain9j or |Croj and refer the reader to the 
preliminaries of [Vase] for more details and motivations on the concepts 
used in this paper. 

2.1. Set theoretic terminology. We will often use the following func¬ 
tion: 

Definition 2.1 (Hanf function). For A an inhnite cardinal, define 
h(A) . 

Note that for A inhnite, A = Da if and only if for all p < A, h(/i) < A. 

Definition 2.2. For k an inhnite cardinal, let Kr be the least regular 
cardinal > k. That is, Kr is k'^ if k is singular and k otherwise. 

^Except for the second part of Proposition 12.151 which we do not use. 
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2.2. Abstract classes. RecalU [Vasct Definition 2.7] that an abstract 
class (AC for short) is a pair (A, <), where A is a class of structures 
of the same (possibly inhnitary) language and < is an ordering on A 
extending substructure and respecting isomorphisms. We will use the 
same notation as in |Vasc] : for example M < N means M < N and 
M ^ A, and A>a := {M e A | ||M|| > A}. 

At one point in this paper, we will mention p-AEC. p-AECs will be 
introduced in details in |BGV] . A formal dehnition appears as |Vasc( 
Dehnition 2.13]. Here it suffices to say that /x-AECs are generalizations 
of AECs where we only require the language to be (< /i)-ary and the 
class to be closed under chains of cohnality > /x. For example, Kq-AECs 
are exactly AECs. 

Recall also from |Vasb[ Dehnition 2.10] that a coherent abstract class 
is an abstract class satisfying the coherence axiom (that is, if Mq C 
Ml < M 2 and Mq < M 2 , then Mq < Mi). We will use the following 
weakening of the existence of a Lowenheim-Skolem number: 

Definition 2.3 (Dehnition 2.11 in | Vasb] i. An abstract class A is 
(< \)-closed if for any M E K and A C \M\ with |A| < A, there exists 
Mq < M which contains A and has size less than A. A-closed means 
(< A+)-closed. 

Remark 2.4. An AEC A is (< A)-closed in every A > LS(A). 

As in the preliminaries of |Vasc] , we can dehne a notion of embedding 
for abstract classes and go on to dehne amalgamation, joint embedding, 
no maximal models, Galois types, and tameness. 

Using Galois types, a natural notion of saturation can be dehned (see 
|Vasc[ Dehnition 2.22] for more explanation on the dehnition): 

Definition 2.5. Let A be an abstract class and /x be an inhnite car¬ 
dinal. 

(1) For A G A, A C |A| is jj,-saturated for types of length a in 
A if for any Aq O A of size less than /x, any p G gS"(Ao; A) 
is realized inside A. Dehne ja-saturated for types of length less 
than a in N similarly. A is p,-saturated in A if it is /x-saturated 
for types of length less than p in A. 

(2) A model M G A is p-saturated for types of length a if it is 
/x-saturated for types of length a in A for all A > M. When 
p = ||M||, we omit it. 


^The definition is due to Rami Grossberg and appears in [Gro] . 
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(3) We write for the class of /r-saturated models of (or¬ 

dered by the ordering oi K). 

Remark 2.6. 

(1) This is a semantic (Galois) notion of saturation, different from 
the syntactic one dehned at the beginning of Section [5l It will 
always be clear from context which we refer to. 

(2) It is easy to check that if K is an AEG with amalgamation, ji > 

LS(A:), then jg ^_AEG with LS(A:^-^‘^*) = LS(A:)<^. 

(3) By |She09a( Lemma II. 1.14], if K is an AEG with amalgamation 
and fi > LS(iL), M E K is /r-saturated if and only if M is /x- 
saturated for types of length on^. We will use this fact freely. 

We recall there is a natural notion of stability in this context. This 
paper’s dehnition follows |Vascl Dehnition 2.20]. 

Definition 2.7 (Stability). Let a be a cardinal, /i be a cardinal. A 
model A^ G iL is (< a)-stabl^ in /i if for all A C |A^| of size < /x, 
|gS^"(A;A^)| < /X. Here and below, a-stable means (< (Q!+))-stable. 
We say “stable” instead of “l-stable”. 

K is (< a)-stable in /x if every N E K is {< a)-stable in /x. K is 
(< a)-stable if it is (< a)-stable in unboundedlj0 many cardinals. 

A corresponding dehnition of the order property in AEGs appears in 
|She991 Dehnition 4.3]. For simplicity, we have removed one parameter 
from the dehnition. 

Definition 2.8. Let a and /x be cardinals and let K be an abstract 
class. A model M E K has the a-order property of length /x if there 
exists {di : i < /x) inside M with l{ai) = a for all x < /x, such that for 
any xq < jo < h and Xi < ji < /x, gtp(aioajo/0; N) ^ gip{dj^di^/^] N). 

M has the (< a)-order property of length pi if it has the /j-order prop¬ 
erty of length pi for some (d < a. M has the order property of length pi 
if it has the o-order property of length pi for some a. 

K has the a-order of length /x if some M E K has it. K has the order 
property if it has the order property for every length. 

^But this need not hold if K is just a coherent AC. 

®We could have called this Galois stability to distinguish it from syntactic sta¬ 
bility defined at the beginning of Section [SJ However it will always be clear from 
context which notion we refer to. 

®Note 1 [GV06[ Corollary 6.4]) that in a LS(Ar)-tame AEG with amalgamation, 
this is equivalent to stability in some cardinal. 
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The following sums up all the results we will use about stability and 
the order property: 

Fact 2.9. Let K be an AEG. 

(1) [Vascl Lemma 4.8] Let k = '3^ > LS(iL). The following are 
equivalent: 

(a) K has the (< K)-order property of length k. 

(b) K has the (< A)-order property. 

(2) [Vascl Theorem 4.13, Fact 4.5] Assume K is (< K)-tame and 
has amalgamation. The following are equivalent: 

(a) K is stable in some A > a + LS{K). 

(b) There exists p < Aq < + LS(iL)) such that K is stable 

in any A > Aq with A = A^^. 

(c) K does not have the order property. 

(d) There exists y < + LS{K)) such that K does not have 

the (< A)-order property of length y. 


2.3. Independence relations. We repeat the dehnition of an inde¬ 
pendence relation from jVasbl Dehnition 3.6], omitting some parame¬ 
ters that we do not need. See the aforementioned paper for motivation 
and background. 

Definition 2.10 (Independence relation). Let a be a cardinal, A be 
an inhnite cardinals. A (< a, > X)-independence relation is a pair 
i = (iL, T^), where: 


(1) K = K>x is a coherent abstract class with amalgamation. 

(2) W is a relation on quadruples of the form (M, A, B, N), where 
M < N are all in A', A C \N\ is such that |A\|M|| < a. We 

N 

write W(M, A, B, N) or A B instead of (M, A, B, N) G W. 

M 

(3) The following properties hold: 


(a) Invariance : If f : N = 


N 


N' 


N' and A-BB, then f[A] W f[B]. 

M f[M] 


N 

(b) Monotonicity: Assume AA^B. Then: 

- M 


N' 

(i) Ambient monotonicity: If N' > N, then A B- B. If 

M 


No 

M < No < N and AU B A |A'"o|, then AA^B. 

M 


(ii) Left and right monotonicity: If Ao A A, Bq A B, 

N 

then AqA^Bq. 

M 
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N N 

(c) Left and right normality: If A^B, then AM BBM. 

- M M 

When a or A are clear from context or irrelevant, we omit them and 
jnst say that i is an independence relation. A (< a, > A)-independence 
relation is jnst a (< (a + l))-independence relation. 

Notation 2.11. For i = (IF, X) an independence relation, we write 

N N 

X(Mo, a, M, N) or a X M for ran(a) X M (similarly when other pa- 

Mo Mo 

rameters are seqnences). When p G gS^°°(M), we say p does not i-fork 
over Mo (or just does not fork over Mq if i is clear from context) if 

N 

aXM whenever p = gtp(a/M;A^) (it is easy to check that this does 

Mo 

not depend on the choice of representatives). 

Notation 2.12. Let i = (LF, X) be a (< a, > A)-independence relation. 

(1) For oo < denotes the (< ao, > A) independence relation 

obtained by restricting the types to have length less than ao- 

(2) For K' O K a coherent AC (with the ordering inherited from 
K), let i ( be the (< a,> A)-independence relation ob¬ 
tained by restricting the underlying class to K'. We also use 
the notation i^ := i ( K\. 

Next, we recall the names of some properties that an independence 
relation may or may not have. This is a shortened version of |Vasbl 
Dehnition 3.10]. 

Definition 2.13 (Properties of independence relations). Let i ;= (A', X) 
be a (< a, > A)-independence relation. 

N 

• i has right base monotonicity if A X i? and M < M' < N, 

M 

N 

\M'\ C B U |M| implies A M B. 

M' 

N 

• i has right transitivity if whenever Mq < Mi < N, AM Mi and 

Mo 

N N 

A M B implies A M B. Strong right transitivity is the same 

Ml Mo 

property when we do not require Mq < Mi. 

• i has right uniqueness if whenever Mq < M < Ni, £ = 1,2, 
|Mo| C 5 C \M\, q, e gS<“(5;iV,), q, \ Mo = q 2 \ Mo, and 
qi does not fork over Mq, then qi = q 2 - i has right uniqueness 
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for unions of models if this is true when B = lJi <5 with 
(M' : i < 6) a.n increasing chain in K. 

N N 

• i has symmetry if AB implies B^A^A for all Bq ^ B of size 

M M 

less than a. 

• i has the right -model-witness property if whenever M < M' < 

N 

N, A |A^|, and A A^Bq for all Bq C \M'\ of size < /i, then 

M 

N 

A^M'. 

M 

We naturally dehne the “left” version of the properties, see [Vasbl Def¬ 
inition 3.13] for a rigorous way to do it using the dual independence 
relation. We will often omit “right” from the name of a property. 

Definition 2.14 (Locality cardinals, Dehnition 3.14 in |Vasb] ). Let 
i = {K, W) be a (< a, > A)-independence relation. Let Oq < a. 

(1) Let Kao(i) be the minimal cardinal pi > |ao|’'" + A"*" such that 
for any M < N in K, any A C |A^| with |y4| < ao, there exists 

N 

Mq < M in with A W M. When p, does not exist, we set 

Mo 

Kaoii) = OO. 

(2) For R a binary relation on K, Let Kao{i,R) be the minimal 
cardinal p > |ao|^ + such that for any regular 6 > p, any 
/^-increasing (that is, i < j < 6 implies MiRMj) {Mi : i < S) 
in K, any N extending all the Mfs, and any A C \N\ of size 

< ao, there exists i < 6 such that A-A. Ms- Here, we have seipl 

Mi 

Ms := [J-^gMs. When R =<, we omit it. When p does not 
exist, we set fi:ao(i) = oo. 

When K is clear from context, we may write For oq ^ ctj we 

also let /t<ao(i) := sup^/^^^^j Similarly dehne n^ao- 

The next proposition gives the relationship between the chain (kq) and 
set {Ra) locality cardinals. The second part (not used in the rest of this 
paper) is new and imitates an argument in [Bal88l Proposition 4.18]. 
This adds to the discussion on p. 19 of |Drul3] . showing that in AECs, 
Ka{f) < cxD if and only if ha(i) < oo. 


^Recall that K is only a coherent abstract class, so may not be closed under 
unions of chains of length <5. 
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Proposition 2.15. Let i = (iL, J^) be a (< a, > A)-independence 
relation. 

(1) If iL is a /i-AEC, then «:<a(i) < K<Q,(i) -|- /i. 

(2) Conversely, if K is A-closed, i has base monotonicity, transitiv¬ 
ity, and the A-mo del-wit ness property, then h<Q,(i) < (K<a(i) -l- A"*") 

Proof. 

(1) Straightforward (see e.g. the proof of [Vasbl Proposition 4.3.5]). 

(2) We show that for any regular p > A"*", if /i < K<a(i) then 
H < fi:<Q,(i). This is enough: if h<Q,(i) is a limit cardinal, we 
have shown that K<Q,(i) < K<a(i) -|- A"*". If h<Q,(i) = 9~^, then if 9 
is regular, we get the result and if it is not, then it is limit and 
we can apply the previous sentence. 

Since p < there exists M G iP, p G gS^"(M) such 

that for all Mq < M of size less than /i, p forks over Mq. Build 
{Mi : i < p) increasing such that for all i < p: 

(a) p \ Mj+i forks over Mj. 

(b) M, G 

(c) Mi < M. 

This is possible. Assume inductively that {Mj : j < i) have 
been dehned. If i is limit or zero. Pick any Mj < M in 
containing each Mj, j < i. If f = j -|- 1 is successor, by assump¬ 
tion p forks over Mj. By the witness property, we can pick 
Mi < M containing Mj such that Mi G and p \ Mi forks 
over Mj. 

This is enough. Let M^ := IJ^^^Mj. Assume for a contradic¬ 
tion p > Kao(i). Then there exists i < p such that p \ M^ does 
not fork over Mj. In particular, p \ Mj+i does not fork over Mi, 
a contradiction. 


□ 


The two main examples of independence relations we will consider are 
coheir and splitting. Coheir for AECs was introduced in |BGj . and 
splitting comes from |She99] . We use the dehnitions from |Vasbt Section 
3]. 


Definition 2.16. 


(1) ((< A)-coheir) Let K be an AEG with amalgamation and let 
A > LS(A:). Dehne i^.ch{K) := W) by W(M, A, B, N) if 

and only if M < A^ are in K, AUB C |A^|, and for any a G 
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and Bq C |M| U -B of size less than k, there exists a' G 
such that gtp(a/i?o;^) = /Bq] M). 

(2) (A-nonsplitting) Let iL be a coherent AC with amalgamation. 

N 

For A an inhnite cardinal, dehne iA-ns(A') := {K>\, J^) by a A. i? 

Mo 

if and only if a G B C |A^|, M < N are in K>x-, and 

there exists M > Mq and N’ > N such that M < N', B C 

|M|, and whenever Mq < < M, G K\, £ = 1,2, and 

/ : Ni =Mo N 2 , then /(gtp(a/A^i; A^')) = gtp(a/A^ 2 ; A^')- 

Fact 2.17 (Theorem 5.13 in |Vascj 1. Let K be an AEG with amalga¬ 
mation and let k, > LS(iF). Assume K is (< fi;)-tame and does not 

have the (< K)-order property of length k. Let i := iK-ch(A'). Then: 

(1) i is a (< 00 , > K)-independence relation with base monotonicity, 
symmetry, and strong transitivity. 

(2) i-^ has uniqueness for unions of models. 

(3) For all a, ha(i) < ((a -|- 2)^''’’)^. 

2.4. Superstability. We recall the dehnition of superstability from 
|Vasb] using local character of nonsplitting. As there, we also recall 
the dehnition of strong superstability that uses local character of coheir 
rather than splitting. The dehnitions below appear in |Vasbl Dehni- 
tions 10.1, 10.4]. Note that they coincide with the hrst-order dehnition 
(see |Vasbl Remark 10.9]). Moreover the dehnition of superstability 
is equivalent to the dehnition implicit in |GVV1 IVasaj and explicit in 
|Gro021 Dehnition 7.12]. Strong superstability appears for the hrst 
time in |Vasb] but is equivalent to superstability if one does not care 
about the exact parameters, see Fact 12.211 

Definition 2.18 (Superstability). Let K be an AEG. 

(1) For M,N G K, say M <univ N {N is universal over M) if 
and only if M < A^ and whenever we have M' > M such that 
\\M'\\ < ||A^|1, then there exists / : M' —> N. Say M <univ N 

if and only if M = A^ or M <univ N. 

(2) K is /i-superstable if: 

(a) LS(A:) < /i. 

(b) There exists M G such that for any M' G there is 
f : M' ^ M with f[M'] <onw M. 

(c) (G-ns(A"^), ^univ) 

(3) K is K-strongly /r-superstable if: 

(a) LS(iF) <K<p. 
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(b) (!^ above holds. 

(c) K does not have the (< fi:)-order property of length k. 

(d) is dense in 

(e) Ki(iK_ch(.h")^, Mq. 

When we omit a parameter, we mean some valne of the parameter 
exists so that the class satishes the parametrized dehnition, e.g. K is 
snperstable if it is /i-superstable for some /i. We say K is n-super stable^ 
if K>^ is /i-snperstable, /x-tame, and has amalgamation. We say K is 
K,-strongly pi-super stable^ if there exists kq < k, snch that i^>Ko is 
strongly /x-snperstable, (< A)-tame, and has amalgamation. 

Remark 2.19. It is easy to check (see |Vasbl Fact 2.24]) that Con¬ 
dition [2b] is eqnivalent to is nonempty, has amalgamation, joint 
embedding, no maximal models, and is stable in /x”. 

Remark 2.20. While Dehnition 12.181 makes sense in any AEG, here 
we focus on tame AECs with amalgamation, and will not study what 
happens to Dehnition 12.181 without these assumptions (although this 
can be done, see [GW]). 

For the convenience of the reader, we recall of few facts about super¬ 
stability. They all appear in [Vasbi Section 10]. 

Fact 2.21. Let K be an AEG. 

(1) If iF is [^-strongly] /x-superstable’*' and /x' > /x, then K is [/t- 
strongly] /x'-superstable^. 

(2) If K is strongly /x-superstable'*', then K is /x-superstable"'". 

(3) If K is /i-superstable"'" and n = '3^ > fi, then K is /x-strongly 
(2<'^’') "'"-superstable"'". 

(4) If K has amalgamation, is (< A)-tame with /t = > LS(iF), 

and is categorical in a A > k, then K is /t-strongly K-superstable"'" 

(5) If K is /i-superstable"'", then has joint embedding, no max¬ 
imal models, and is stable in all cardinals. 

(6) If K is A-strongly /i-superstable"'", then fi:i(iK_ch(A') \ = 

Ko. 

Another key consequence of superstability is the existence of a well- 
behaved independence relation: 

Fact 2.22 (Proposition 7.4.2, Theorem 7.5, Theorem 10.8.2a in [Vasbj L 
Let K be an AEG with amalgamation and let A > LS(iF). If K is A- 
tame and stable in A, then there exists a (< 1, > A"'")-independence 
relation i = W) such that: 
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(1) i has base monotonicity and transitivity. 

(2) i;^+ has uniqueness. 

(3) Ki(i) = A++. 

If in addition K is A-superstable, one can take i such that Ki(i) = 

3. Using independence calculus: the stable case 

Hypothesis 3.1. 

(1) i = {K, J^) is a (< oo, > Ao)-independence relation. 

(2) K is an inhnite cardinal. 

(3) i has base monotonicity, symmetry, and strong transitivity. 

(4) i-^ has uniqueness for unions of models. 

(5) For all a, ^^(i) < ((a + Ao)"^^’')'*' 

Remark 3.2. Often, we will assume that K is a k-AEC, but when 
considering the superstable case K might actually be a ^-AEC for 6 > 

K. 

Remark 3.3. Fact 12.171 gives reasonable conditions under which Hy¬ 
pothesis [STT] holds for K = an AEG. 

* 

Remark 3.4. Strong transitivity is used to make the relation A. (Def¬ 
inition 13.Sp well-behaved. We do not know if strong transitivity can be 
replaced with just transitivity. 

Hypothesis 3.5. We work inside a fixed model M & K. Thus we 
assume all models and sets we consider are contained in M and all 

types we consider are realized in M. We do not assume that AT has 

N 

any homogeneity. We write for A W A^. Note that it is enough 

M M 

to assume the hypotheses above hold relativized to N. 

Remark 3.6. As part of the dehnition of an independence relation, 
we assumed that K had amalgamation. Since we work inside a hxed 
model, this was not necessary. 

Remark 3.7. Assume (Mj ■. i < 6) is increasing. Then need 

not be a member of K (but we will sometimes still use to denote 
it). 

For what comes next, it will be convenient if we could say that AA^B 

M 

and M < N implies AA.B. By base monotonicity, this holds if |A^| C 

N 

B but in general this is not part of our assumptions (and in practice 
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this need not hold). Thus we will close under this property. This is 
where we depart from |MS9nj ; there the authors used that the singular 
cardinal hypothesis holds above a strongly compact to prove the result 
corresponding to our Lemma 14.21 Here we need to be more clever. 

* 

Definition 3.8. A-l^B means that there exists Mq < TV, \Mq\ C C 
c 

such that A-Jl B. 

Mo 

* * 
Remark 3.9. {K, J^) is not an independence relation (because T. is 

also defined when the base is a set and also because it may not satisfy 
the normality axioms). Nevertheless we will apply some of the notation 
defined in the preliminaries to it. 

* * 

Definition 3.10. We write A to mean that H W 6 for all h ^ B. 


c 


c 


Similarly define [A]^A^B. Let (W)^ denote the relation dehned by 


c 


A{.B)^B if and only if For a a cardinal, let := 

c c 


Note that A A^N implies [H]^ W iV by monotonicity. 
c c 


Proposition 3.11. 


(1) W (or pedantically the pair {K, W)) satishes invariance, mono¬ 
tonicity, symmetry, strong right transitivity. 

* * 

(2) For all a, Fq,(X') = Ra{A^), Ka('T') = ^^(W). 

* * 

(3) W has strong base monotonicity. \i A A^B and C C C", then 

c 

aIb. 

c 

(4) \i A A. B, then AA.B. 


M 


M 


(5) If HWR for M C \B\, then HWR. 


M 


M 


(6) For all a, Kq(J^) < Aq(Tx). 


Proof. All quickly follow from the definition. As an example, we prove 
* * * 
that W has strong right transitivity. Assume A W Mi and A A^ B. 
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Then there exists Mg < Mq and M[ < Mi such that A T- Mi and 

M' 

A B. By monotonicity for -X, A M[. By strong right transitivity 

M[ M' 

for X, A -A- B. Thus Mg witnesses A A B. □ 

Mo 

Proposition 3.12. Assume (Mj : i < S), {Ni : i < S) are increasing 

* 

chains of models, A is a set. If A X Xj for alH < ^ and K|a|(X) < cf((5), 

Mi 

then A X whert| Ms := IJ.^^ M* and Ns := ljj <5 ^i- 

Ms 

Proof. Without loss of generality, S = cf(5). By dehnition of A|^|(X), 

* 

there exists i < 6 such that AXW, so A A Ns. By strong right 

Ni Ni 

* * * 
transitivity for X, A X By strong base monotonicity, A A Ns. □ 

Mi Ms 

* 

As already discussed, the reason we use X is that we want to generalize 
[MS90i Lemma 4.17] to our context. In their proof, Makkai and Shelah 
use that cardinal arithmetic behaves nicely above a strongly compact, 
and we cannot make use of this fact here. Thus we are only able to 

prove this lemma for X instead of X (see Lemma 14.2p . Fortunately, 

* 

this turns out to be enough. The reader can also think of X as a trick 
to absorb some quantihers. 

The next lemma imitates |MS901 Proposition 4.18]. 

Lemma 3.13. Let A > Aq be regular and let (Mj : i < h) be an 
increasing chain with Mj A-saturated for types of length one for all 
i < 6. Assume that Ki(X) < cf((5). 

Assume that K is (< A)-closed (Recall Dehnition 12.3p and there exists 
a regular cardinal fi < X such that iP is a /i-AEC. 

If k],;^(X) < A, theiJl Ms := lJi <5 A-saturated for types of length 
one. 

Proof. Without loss of generality, 6 = cf((5). Let A C [M^l have size 
less than A. If A < 6, then A C |Mj| for some i < 6 and so any type 

®Note that Ms and Ns need not be members of K. 

®Note that Ms need not be a member of K, but our definition of saturated 
fPefinition 12.51) still applies. 
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over A is realized in Mi C jM^I. Now assume without loss of generality 
that X > 6. Replacing /r by + 5, we can also assume > S. We need 
to show every Galois type over A is realized in Ms. First, we build an 
array of models (iV" G K^x ■ i < S,a < ^) such that: 

(1) For all i < 6, (iV" : a < /i) is increasing. 

(2) For all a < /r, (iV" : i < 5) is increasing. 

(3) For alH < 5 and all a < /r, iV" < Mj. 

(4) A c u.<j m. 

(5) For all a < /i and all i < 6, ^ 

JV-+1 

For a < /i, write := IJ.^^ and for i < 6, write := lJa</^ 

The following is a picture of the array constructed; note that arrows 
denote inclusions and are not necessarily iF-embeddings. 

Mi -- Mi+i-- Ms 


Nt -- Nt,, -- 

N^+l -^ JY^+I -^ jya+l 


Nt -- iV“+ 1 

A 

This is enough: Note that for i < 6, iVf is in K (since iF is a /i-AEC 
and fi is regular) and has size less than A (since A > /i and is regular). 
Note also that since 6 < < X, has size less than A (but we do not 

claim it is in K). 

Claim: For all i < 5, 

Proof of claim: Fix i < 5 and let a E Mi. Fix j < 5. By dSD, 

* 

monotonicity, and symmetry, a W iV" for all a < /i. By Proposition 

JV-+1 
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13.121 applied to \ a < n) and (iV" : a < /i), a (note that 

I 

fi = cf(/i) > S > Ai(-X)). Since j was arbitrary, we can apply Proposi¬ 
tion [3lT2] again with the constantly sequence and (iVh : j < S) (note 

that 6 = cf(5) > Ki(J^)) to get that a iVj'. By symmetry, iVf -X. a, 

jVf* atm 

I I 

as desired. ]ciaim 

Now let p G gS(74). By dl]), A C so we can extend p to some 
q G gS(A^"^). Since 5 > Ai(-X), we can hnd i < 6 such that q does not 
fork over iVf. Since Nj^ < Mj, M* is A-saturated for types of length 

one, and ||iVf || < A, we can hnd a G Mj realizing q \ iVf. Since by the 
* * 

claim Ng X.[Mj]^, we can use symmetry to conclude a N^, and hence 

A'" 

I 1 

fProposition I3.11l fl5|)l a By uniqueness for unions of models, a 

A^ 

I 

must realize g, so in particular a realizes p. This concludes the proof 
that Ms is A-saturated for types of length one. 

This is possible: We dehne {N^ : i < 6) hy induction on a. For a hxed 
i < 6, choose any < Mi in K^x that contains A n |Mi| (this is 
possible since K is (< A)-closed). For a < p limit and i < 6, pick any 

< Mi containing U/ 3 <a which is in K^x (again, this is possible 

by closure). Now assume a = /9 -f 1 < /r, and iVf has been dehned 
for i < 6. Dehne iV“ by induction on i. Assume has been dehned 
for all j < i. Pick containing [Jj^iN^ which is in iF<A, satishes 

< Mi and (jS]). This is possible by strong base monotonicity and 

dehnition of □ 

Below, we give a more natural formulation of the hypotheses. 

Theorem 3.14. Assume iP is a k-AEC. Let A > LS(iP). Let (Mj : 
i < 5) be an increasing chain with Mj A-saturated for types of length 
one for all i < 6. If 

(1) cf(5) > fi:i(W); and 

(2) < A for all x < 

then lJi <5 is A-saturated for types of length one. 

Proof. Let Ms := Note that A > up since A > LS(iP), 

A > «■*■ and if A = k"*" then < X so k = hence k is regular: 
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Kr = K. Let /i := Kr- Tliis is a regular cardinal and we have just argued 
/i < A. Since K is a k-AEC, K is also a /x-AEC. 

Let X < A be such that + We show that Ms is x^-saturated. 

By hypothesis, x^^"^ < A, so replacing x by x^^’^ if necessary, we might 
as well assume that x = We check that x^ satishes the conditions 

of Lemma 13.131 as A there. By assumption, cf(x^) = X^ > /^- Also, K 
is x-closed, as x = ^ LS(A'). 

Now by Proposition I3.11l fl6|). By Hypothesis 13.11 

kx(W) < ((x +< (x^'"’')^ = Thus k^(i) < X^, as 
needed. 

Thus Lemma 13. 131 applies and so Ms is x^-saturated for types of length 
one. Since x < A was arbitrary, Ms is A-saturated for types of length 
one. □ 

For the next corollaries to AECs, we drop our hypotheses. 

Corollary 3.15. Let iP be a (< K)-tame AEG with amalgamation, 
K, > LS{K). Assume K does not have the (< fi:)-order property of 
length K. Assume (Mj : i < 5) is an increasing chain of A-saturated 
models. If; 

(1) cf(5) > LS(iG)<^u 

(2) x^^’' < A for all x < A. 

Then Mi is A-saturated. 

Proof. Without loss of generality, 5 = cf(5) < A. By Fact 12.171 K' := 
j^K-sat ^ i^_ch(iG>LS(A')) satisfy Hypothesis 13.II with Aq = LS(iL'). 

Note that Ki(i) < ki(i) < (LS(iL)<^’’)^. Now use Theorem 13.141 □ 

Remark 3.16. Compared with Fact 11.11 an extra condition is O- 
Note however that if T is a first-order stable theory, then (ignoring the 
condition k, > LS{K) which is not relevant when K is an elementary 
class) Corollary 13.151 holds with {K,<) := (Mod(T),^), k := Mq, and 
so we recover Harnik’s result. 

Corollary 3.17. Let iP be a stable (< fi:)-tame AEC with amalga¬ 
mation, K = Dk > LS{K). Let X > K and assume (Mj : i < 5) is an 
increasing chain of A-saturated models. If: 

(1) cf(5) > LS(iC)<^u 

(2) < A for all x < A. 
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Then Ui<5 Mi is A-saturated. 

Proof. By Fact 12.91 K does not have the (< A)-order property of length 
K. Now apply Corollary 13.151 □ 

4. Using independence calculus: the superstable case 

Next we show that in the superstable case we can remove the cardinal 
arithmetic condition ([2]) in Corollary 13.151 

Hypothesis 4.1. Same as in the previous section: Hypotheses 13. II and 

EH 


In Theorem 13.141 we estimated Ro(T-) using Ro(-U). Using superstabil¬ 
ity, we can prove a better bound. This is adapted from [MShOl Lemma 
4.17]. 

Lemma 4.2. Assume that ki(-A) = Mq ^md K is A-closed for all A > Aq. 

* 

Then for any cardinal a, r^('T.) < kxq{~P-) + . 

Proof. Let A have size a and be a model. We show by induction 
on a that there exists a. M < N with ||M|| < /i := R,Xq{-^) + a~^ and 

AW[77]^. Note that /i > Aq. 

M 

If a < Ao, then apply the definition of aao(T') to get a M < N with 
* 

||M|| < rao(T^)) a WA7, which is more than what we need. 

M 

Now, assume a > Aq, and the result has been proven for all ao < a. 
By the closure assumption, we can assume without loss of generality 
that A is a model. Let (Aj : i < a) be an increasing resolution of 
A such that A, G iC<Q, for all i < a. Now define an increasing chain 
{Mi : i < a) such that for all i < a: 

(1) Mi e iC<^. 

(2) Mi < N. 

(3) Ail[N]\ 

Mi 

This is possible: For i < a, use the induction hypothesis to find Mi < 
* 

N such that AiW[A^]^ and ||Mt|| < fi. By strong base monotonicity 

Mi 

* 

of W and the closure assumption, we can assume that Mi contains 
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This is enough: Let M E K contain Mi and have size less than 
* 

fi. We claim that A Let a G iV. By symmetry, it is enough to 

M 

* 

see a-ly A. This follows from strong base monotonicity and Proposition 

M 

13.121 applied to (Mj : i < a) and {Ai : i < a) since = Kq < cf(a) 

by Proposition 13.111 (1^ and the hypothesis. □ 

Remark 4.3. The heavy use of strong base monotonicity in the above 

* 

proof was the reason for introducing W. 

Theorem 4.4. Assume that ki(W) = Kq and K is A-closed for all 
A > Aq. Let A > kAo(Tx). Assume there exists a regular cardinal /x < A 
such that iP is a /x-AEC. 

Let (Mj : X < 5) be an increasing chain with Mj A-saturated for types 
of length one for all i < 6. Then Ms := lJi <5 A-saturated for 

types of length one. 

Proof. Let x < -^ be such that x~^ ^ + ^Ao(W). We claim that x~^ 

satishes the hypotheses of Lemma [3. 131 (as A there). Indeed by Lemma 

1121 < Rxo + 

Thus Lemma 13.131 applies: Ms is x'''-saturated for types of length one. 
Since x < was arbitrary, Ms is A-saturated for types of length one. 

□ 


For the next corollary to AECs, we drop our hypotheses. 

Corollary 4.5. Assume iP is a K-strongly /x-superstable"'" AEG. Let 
A > and assume (Mj : x < 5) is an increasing chain of A- 

saturated models. Then lJi <5 A-saturated. 

Proof. By Fact 12.211 K is stable in all A > /x. By dehnition of strong 
superstability and Fact 12.171 letting K' := and i := iK-ch(A') f 

A'', Hypothesis 13.11 is satished with iP, Aq there standing for K', /x+ 
here. Moreover (by Fact I2.2ip xci(i) = Now it is easy to check 
using stability that K' is A'-closed for all A' > Aq := /x"*". Finally, by 
Hypothesis 13.11 fit = (Ao'^'')+ = (/x<'^’')++. Now apply Theorem 14.41 
(note that K' is a /x+-AEC and < X). □ 

5. Averages 


Hypothesis 5.1. 
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(1) K is an infinite cardinal. 

(2) L is a (< A)-ary language. 

(3) AA is a fixed L-structure. 

(4) We work inside Af. 

(5) Hypotheses 15.21 and 15.41 see the discussion below. 
Midway through, we will also assume Hypothesis 15.221 


We use the same notation and convention as [Vasct Section 2]: We 
always work with quantifier-free Lk,k formulas and types. Although we 
will not always mention it, all formulas are assumed to be of this type. 
Also, since we work inside Af, everything is dehned relative to Af. For 
exampl,e tp(c/A) means fic/A;Af), the quantifier-free L^^K-type 
of c over A, and saturated means saturated in Af. Similarly, we write 
1= (j)[b] instead of A/" |= (j)[b]. By “type”, we mean a member of S‘^°°{A) 
for some set A. Whenever we mention a set of formulas (meaning an 
incomplete type), we mean a (L^ ^-quantiher free) set of formulas that 
is satishable be an element in Af. 

Unless otherwise noted, the letters a, b, c denote tuples of elements of 
length less than n. The letters A, B, C, will denote subsets of Af. We 
say (Aj : i < (5) is increasing if Aj C Aj for all i<] <5. 

We say Af is a-stable in A if |S'"(A)| < A for all A with |A| < A 
(the default value is for a is 1). We say Af has the order property of 
length x if there exists a (quantiher-free) formula y) and elements 
{di : i < x) of the same arity such that for i,j < x, \= fidi, df if and 
only ii i < j. 

Boldface letters like I, J will always denote sequences of tuples of the 
same arity (less than k). We will use the corresponding non-boldface 
letter to denote the linear ordering indexing the sequence (so for ex¬ 
ample I = (oj : i G /), where / is a linear order). We sometimes treat 
such sequences as sets of tuples, writing things like a G I, but then we 
are really looking at the range of the sequence. To avoid potential mis¬ 
takes, we do not necessarily assume that the elements are all distinct 
although it should always hold in cases of interest. We write |I| for the 
cardinality of the range, i.e. the number of distinct elements in I. We 
will sometimes use the interval notation on linear order. For example, 
if J is a linear order and i G /, [i, oo)/ := {j G / | j > i}. 

As the reader will see, this section builds on earlier work of Shelah 
from |She09bl Chapter V.A]. Note that Shelah works in an arbitrary 
logic. We work only with quantiher-free jj-foiLnulas in order to be 
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concrete and because this is the case we are interested in to translate 
the syntactic results to AECs. 

The reader may wonder what the right notion of submodel is in this 
context. We could simply say that it is “subset” but this does not quite 
work when translating to AECs. Thus we £x a set of subsets of M that 
by dehnition will be the substructures of M. We require that this set 
satisfies some axioms akin to those of AECs. This can be taken to be 
the full powerset if one is not interested in doing an AEC translation. 

Hypothesis 5.2. S C V{\N'\) is a hxed set of subsets of M satisfying: 

(1) Closure under chains: If (Aj : i < 5) is an increasing sequence 
of members of S, then Aj is in S. 

(2) Lowenheim-Skolem axiom: If A C S are sets and A G iS, there 
exists A' G iS such that A <Z A' <Z B and |A'| < (|L|+2)<''+|A|. 

We exclusively use the letters M and N to denote elements of S and 
call such elements models. We pretend they are L-structures and write 
\M\ and |A^| for their universe and ||M|| and || A^|| for their cardinalities. 

Remark 5.3. An element M of iS is not required to be an L-structure. 
Note however that if it is K-saturated for types of length less than k 
(see below), then it will be one. 

We also need to discuss the dehnition of saturated: dehne M to be 
X-saturated for types of length a if for any A C \M\ of size less than 
A, any p G S'"(A) is realized in M. Similarly dehne A-saturated for 
types of length less than a. Now in the framework we are working 
in, /i-saturated for types of length less than k seems to be the right 
notion, so we say that M is pi-saturated if it is /i-saturated for types of 
length less than k. Unfortunately it is not clear that it is equivalent to 
/i-saturated for types of length one (or length less than u), even when 
pi > K. However Remark 12.61 tells us that in case M comes from an 
AEC, then this is the case. Thus we will make the following additional 
assumption. Note that it is possible to work without it, but then 
everywhere below “stability” must be replaced by “(< /t)-stability”. 

Hypothesis 5.4. If /i > (|L| -|- 2)^'', then whenever M is /i-saturated 
for types of length one, it is /i-saturated (for types of length less than 
k). 

Our goal in this section is to use Shelah’s notion of average in this 
framework to prove a result about chains of saturated models. Recall: 
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Definition 5.5 (Definition V.A.2.6 in |Shen9b] ). For I a sequence, x 
an infinite cardinal such that |I| > x-, A a set, define Av^(I/y4) to 
be the set of formulas (j){x) over A so that the set {6 G I ||= “’</>[&]} has 
size less than x- 

Note that if |I| > x and 0 is a formula, then at most one of 0, ->0 is in 
Av^(I/A). Thus the average is not obviously contradictory, but we do 
not claim that there is an element in J\f realizing it. Also, Av^(I/A) 
might be empty. However, we give conditions below (see Fact 15.131 and 
Theorem I5.2ip where it is in fact complete. 

The next lemma is a simple counting argument allowing us to find such 
an element: 

Lemma 5.6. Let I be a sequence with |I| > x and let A be a set. Let 
p := Av^(I/A). Assume that 

|I| > X + niin((|A| + \L\ + 2)<", |AdP)(A)|) 

Then there exists b El realizing p. 

Proof. Assume first that the minimum is realized by (|A| + \L\ + 2)^''. 
By definition of the average, for every every formula fix) E p, : = 
{6 G I 11= has size less than x- Let J := Note that 

|J| < X + (1^1 + \L\ +2)“^^^ and by definition any h G I\J realizes p. 

Now assume that the minimum is realized by |S'^(p)(A)|. Let p : = 
X + |S'^*'^^(A)|. By the pigeonhole principle, there exists Iq C I of size 
such that c, c' G Iq implies q := tp(c/A) = tp(cyA). We claim 
that p ^ q, which is enough: any 6 G Iq realizes p. If not, there exists 
fix) E p such that -'fix) G q. By definition of the average, fewer 
than x-many elements of I satisfy -i0(x). However, -'fix) is in q which 
means that it is realized by all the elements of Iq and \1q\ = p'^ > Xi ^ 
contradiction. □ 

We now recall the definition of splitting and study how it interacts with 
averages. 

Definition 5.7. A set of formulas p splits over A if there exists 0(x, h) E 
p and y with tp(6'/A) = tp(6/A) and ->0(5;, 6') G p. 

The following result is classical: 

Lemma 5.8 (Uniqueness for nonsplitting). Let A C \M\ C B. Assume 
p, q are complete sets of formulas over B that do not split over A and 
M is |A|+-saturated. If p ( M = g ( M, then p = q. 
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Proof. Let (j){x,b) G p with h E B. We show (f>{x,b) G q and the con¬ 
verse is symmetric. By satnratioE0, hnd b' E M snch that ip(b'/A) = 
tp{b/A). Since p does not split over A, (f){x,b') G p. Since p \ M = q \ 
M, (f){x,b') E q. Since again q does not split, (f>{x,b) E q. □ 

We wonld like to stndy when the average is a nonsplitting extension. 
This is the pnrpose of the next dehnition. 

Definition 5.9. I is x-6ased on A if for any B, Av^{l/B) does not 
split over A. 

The next lemma tells ns that any seqnence is based on a set of small 
size. 

Lemma 5.10 (Claim IV.1.23.2 in jShe09a] L If I is a seqnence and 
J C I has size at least y, then I is y-based on J. 

Proof. Let i? be a set. Let p := Av^(I/i?). Note that p C Av^(J/5). 
Let b,b' E B be snch that tp(6/J) = tp(6'/J). Assnme ((>{x,b) E p. 
Then since p C Av^(J/i?), let a G J be snch that |= 0[a, b]. Since a G J, 
1= (j)\a,b']. Since there are at least y-many snch a’s, ->0(0;, 6') ^ p. □ 

We know that at most one of 0, ->0 is in the average. It is very desirable 
to have that exactly one is in, i.e. that the average is a complete type. 
This is the pnrpose of the next dehnition. 

Definition 5.11 (Dehnition V.A.2.1 in |She09b] L A seqnence I is said 
to be x-convergent if |I| > y and for any set A, Av^(I/A) is a complete 
type over A. 

Remark 5.12 (Monotonicity). If I is y-convergent, J C I, and |J| > 
x' ^ X) then for any set A, Av^(I/A) = Av^/(J/A). In particnlar, J is 
x'-convergent. 

Recall |She90l Lemma IILl.7.1] that if T is a hrst-order stable theory 
and I is an inhnite seqnence of indiscernibles (in its monster model), 
then I is Ko-convergent. The proof relies heavily on the compactness 
theorem. We wonld like a replacement of the form “if W has some 
stability and I is nice, then it is convergent. The next resnlt is key. It 
plays the same role as the ability to extract indiscernible snbseqnences 
in hrst-order stable theories. 


^^Note that we are really using saturation for types of length less than k here. 
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Fact 5.13 (The convergent set existence theorem: V.A.2.8 in [SheOQb] ). 
Let Xo > (l-L| +2)^^ be such that Af does not have the order property 
of length xt ■ Let /i be an infinite cardinal such that /x = /i^° + 

Let I be a sequence with |I| = /i’*'. Then there is J C I of size /x’*' which 
is Xo-convergent. 

However having to extract a subsequence every time is too much for 
us. One issue is with the cardinal arithmetic condition on /x: what if 
we have a sequence of length /x’*' when /x is a singular cardinal of low 
cohnality? We work toward proving a more constructive result: Morley 
sequences (dehned below) are always convergent. The parameters rep¬ 
resent respectively a bound on the size of A, the degree of saturation 
of the models, and the length of the sequence. They will be assigned 
default values in Hypothesis 15.221 

Definition 5.14. We say (hj : x G I) {Ni : i e I) is a (xo,Xi,X2)- 
Morley sequence for p over A if: 

( 1 ) Xo < Xi ^ X2 are inhnite cardinals, / is a linear order, H is a 
set, p{x) is a set of formulas with parameters and £{x) < n, and 
there is a < k such that for all i E I, ai ^ “A/". 

(2) For alH G /, H C \Ni\ and |H| < xo- 

( 3 ) (iVj : X G /) is increasing and each W is Xi-saturated. 

( 4 ) For all x G /, a* realizeop \ Ni and for all j > x in /, Oi G “iVj. 

(5) X < j in / implies hj ^ aj. 

( 6 ) |/| > X 2 - 

(7) For all x < j in /, tp(aj/iVj) = tp(hj/iVj)- 

(8) For all x G /, tp(ai/W) does not split over A. 

When p or H is omitted, we mean “for some p or A”. We call (W : i E I) 
the witnesses to I := (a* : x G /) being Morley, and when we omit them 
we simply mean that I ^ (W : x G /) is Morley for some witnesses 
{Nr.^eI). 

Remark 5.15 (Monotonicity). Let {oi : i E I) ^ {Ni : x G /) be 
(Xo,Xi,X2)-Morley for p over A. Let Xo > Xo, x'l < Xi, and X2 < X2. 
Let /' C / be such that |J'| > X2, then (oj : x G I'} ^ (W : i E I') is 
(Xo, xi, x'2)-Morley for p over A. 

Remark 5.16. By the proof of |She901 Lemma 1.2.5], a Morley se¬ 
quence is indiscernible (this will not be used). 


^^Note that dom(p) might be smaller than W- 
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The next result tells us how to build Morley sequences inside a given 
model: 

Lemma 5.17. Let A C \M\ and let y > (|L| + 2)^'^ be such that 
IAI < y. Let p G S°‘{M) be nonalgebraic such that p does not split 
over A, and let p > X- If- 

(1) M is /r■'■-saturated. 

(2) M is stable in p. 

Then there exists {cii : i < pA) ^ {Ni : i < p~^) inside M which is 
1 X'^^ /^■'■)-Morley for p over A. 

Proof. We build {at : i < p~^) and (W : i < p^) increasing such that 
for all i < p^: 

(1) TIC |iVo|. 

(2) liV.I C |M|, 

(3) IliV.II < 

(4) Ni is x+-saturated. 

(5) Oi e “W+i- 

(6) Qi realizes p \ W- 

This is enough by dehnition of a Morley sequence (note that for all 
i < p~^, tti ^ “W by nonalgebraicity of p, so a* ^ aj for all j < i). 

This is possible: assume inductively that (oj : j < i) ^ {Nj : j < i) has 
been dehned. Pick Ni M which is ^■'■-saturated, has size < p, and 
contains AU [Jj^iNj. Such an W exists: simply build an increasing 
chain (M^ : k < x+) with Mq := A U [Jj^iNj, \\Mk\\ < P, and 
realizing all elements of M^/) (this is where we use stability in 

p). Then W := is as desired (we are using Hypothesis 15.41 

to deduce that it is ^■'■-saturated for types of length less than n). Now 
pick Pi G “M realizing p \ Ni (exists by saturation of M). □ 

Before proving that Morley sequences are convergent fTheorem I5.2ip . 
we prove several useful lemmas: 

Lemma 5.18. Let I := (oj : i G I) be (xo, Xi) x)"Morley, as witnessed 
by (Ni : i E I). Let i G / be such that [?', oo)/ has size at least y. Then 

AvJI/W) C tp(a,/W). 

Proof. Let (j){x) be a formula over W with i(x) = i(ai). Assume 0(5;) G 
Av^(I/iVj)- By dehnition of average and assumption there exists j G 
[i, cx)) such that |= (j)[aj]. By ([7]) in Dehnition 15.141 |= 0[aj] so 0(5:) G 

tp{ai/Ni). □ 
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Lemma 5.19. Let / be a linear order and let x < l-^l be infinite. Then 
there exists i G / such that both (— 00 , i]i and [i, 00 ) 7 - have size at least 

X- 

Proof. Without loss of generality, |/| = ■ Let Jq := {i G / | 

|(—oo,i]/| < x} and let Ji := {z G / | |[z, cxo)/| < y}. Assume the 
conclusion of the lemma fails. Then Jq U Ji = I. Thus either |/o| = x'^ 
or I III = x+. Assume that |Jo| = x’*', the proof in case |/i| = x^ is 
symmetric. Let 6 := cf(Jo) and let {oa G Jq : a < 5) be a cofinal 
sequence. If 5 < x"*", then, since Jq = Uq,< 5 (— 00 , aa]i has size x^, there 
is a < 5 such that |(—cx), aQ,)/| = x^- If 5 > X^) then |(—cx),a^)/| > x- 
Either of these contradict the definition of Jq. □ 

Lemma 5.20. Let I be (x"'", X^) X^)”Morley over A (for some type). 
If I is x-convergent, then I is x-based on A. 

Proof. Let I ;= (a* : z G /) and let (W : i E I) witness that I is 
X-Morley over A. By assumption, |J| > x^, so let z G / be as given 
by Lemma [5.191 both (—cx),-?]/ and [z, 00 )/ have size at least x- By 
Lemma 15.101 and the definition of z, we can find A C |Aj| containing 
A of size at most x such that I is x-based on A. 

Let p := Av^(I/A/'). Assume for a contradiction that p splits over 
A and pick witnesses such that (f){x,b), -'(f){x,b') G p and tp( 6 /A') = 
Aip'/A). Note that p ( W = tp(ai/Aj) by convergence and Lemma 
15.181 Since W is x^-saturated, we can find b” G such that 

tp( 6 "/A') = tp( 6 /A'). Now either 0(x,6") G p or -«j){x,b") G p. If 
fix .lb”) G p, then fix, b”),-'fix, b') witness that p splits over A and 
if -<fix,b”) G q, then fix,b), -<fix,b”) witness the splitting. Either 
way, we can replace b or b' by b”. So (swapping the role of b and b' if 
necessary), assume without loss of generality that b" = b (so b G 

By definition of a Morley sequence, p ( W does not split over A, so 
P f Let p' := p ( Aj U {fix,b),fix,b')}. We claim that 

p' does not split over A: if it does, since fix, b') is the only formula 
of p' with parameters outside of A,, the splitting must be witnessed 
by fix,c), -'fix,c'), and one of them must be outside Aj, so c = b'. 
Now tp( 6 /A) = tp(&'/A) = tp(c7A), and we have c' G ^''|Ai| so by 
nonsplitting of p f A*, also -<fix,b) G p ( Aj. This is a contradiction 
since we know fix, b) E p \ Aj. 

Now, since I is x-based on A', p does not split over A and by mono¬ 
tonicity p' also does not split over A. Now use the proof of Lemma 15^ 
(with M = Ni) to get a contradiction. □ 
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We are now ready to prove the relationship between Morley and con¬ 
vergent: 

Theorem 5.21. Let xo > (l-^l + 2)^'^ be such that Af does not have 
the order property of length xt■ Let y := . 

If I is a (xo ) xt 1 x)-Morley sequence, then I is y-convergent. 

Proof. Write I = (oj : i G /) and let (W ■. i E I) witness that it is 
Morley for p over A. 

Assume for a contradiction that I is not y-convergent. Then there 
exists a formula 0(a;) (over Af) and linear orders Ii I, i = 0,1 
such that \Ii\ = X and i G Ic implied |= 0^[aj]. By Fact 15.131 we 
can assume without loss of generality that := (oj : i G If) is yo- 
convergent. By Lemma 15.201 (with yo here standing for y there), 
is yo-based on A loi I = 0,1. Let p^ := Av^p(l£/A/'). Since is yo- 
based on A, pi does not split over A. By Lemma 15.191 pick ii E I 
so that |(z,oo) 7 j > yo for £ = 0,1. let i := min(io,A)- By Lemma 
15.181 and convergence, pi \ Ni^ = ip{aijNi^) so f W = lv{ciijNi) = 
tp{ai/Ni), so po I Ni = Pi I Ni. By assumption, W is y^-saturated. By 
uniqueness for nonsplitting iLemma 15.8p . po = Pi- However 4>{x) G po 
while “'0(x) G pi, contradiction. □ 

From now on we assume: 

Hypothesis 5.22. 

(1) Xo ^ (|-L| -|- 2)^^^ is an inhnite cardinal. 

(2) Af does not have the order property of length xt- 

(3) x:= (2^”)L 

(4) The default parameters for Morley sequences are (yo , y"*", y"*"), 
and the default parameter for averages and convergence is y. 
That is, Morley means (y^J", y+, y^)-Morley, convergent means 
y-convergent, Av(I/A) means Av^(I/A), and based means y- 
based. 

Note that Theorem 15.211 and Hypothesis 15.221 imply that any Morley 
sequence is convergent. Moreover by Lemma [5. 201 any Morley sequence 
over A is based on A. We will use this freely. 

Before studying chains of saturated models, we generalize Lemma 15.201 
to independence notions that are very close to splitting (the reason has 
to do with the translation to AECs (Section E])): 


^^Where (f stands for </>, 4>^ for 
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Definition 5.23. A splitting-like notion is a binary relation R{p,A), 
where p G for some set B and A O B, satisfying the following 

properties: 

(1) Monotonicity: li A C A' C Bq C B, p e S^°°{B), and R{p, A), 
then R{p \ Bo, A'). 

(2) Weak uniqueness: If A C \M\ C B, M is (|A| + (|L| + 
saturated, and for i = 1,2, E S^°°{B), R{qi,A), and qi \ 
M = q 2 \ M, then qi = q 2 . 

(3) R extends nonsplitting: If p G S‘^°°{B) does not split over 
A C B, then R{p, A). 

We also say “p does not i?-split over A” instead of R{p, A). 

Remark 5.24. If R{p, A) holds if and only if p does not split over A, 
then i? is a splitting-like notion: monotonicity is easy to check and R 
is nonsplitting. Weak uniqueness is Lemma [5.81 

Lemma 5.25. Let i? be a splitting-like notion. Let p G S^^{B) be 
such that p does not i?-split over A O B with |A| < xo- 

Let I := (oj : i G /) ^ (W : i G /) be Morley for p over A. 

If I Ue/ Nil CB, then Av(I/R) = p. 

Proof. Since I is Morley, I is convergent. By Lemma 15.201 I is based 
on A. Thus we have that Av(I/i?) does not split over A, so it does not 
R-split over A. Let i G / be such that |(q oo)i\ > x- Then Av(I/Aj) = 
tp(aj/Aj) = p I" W by Lemma [5.181 By the weak uniqueness axiom of 
splitting-like relations (with W here standing for M there), Av(I/i?) = 

p. □ 

To construct Morley sequences, we will also use: 

Fact 5.26. 

(1) If /i = -|- 2^^°, then J\f is (< K)-stable in p. 

(2) Let M be Xq- saturated. Then for any p G there exists 

A C |M| of size at most xo such that p does not split over A. 

Proof. The first result is |She09b[ Theorem V.A.1.19]. The second 
follows from |She09bl V.A.1.12]: one only has to observe that the con¬ 
dition between M and M there holds when M is X(}-saturated. □ 


We can now get a (completely local) result on unions of saturated 
models. 
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Theorem 5.27. Assume: 

(1) A > is such that M is stable in /i for unboundedly many 

jj, < \. 

(2) (Mj : f < h) is increasing and for all i < 5, is A-saturated. 
Write M,:= 

(3) For any q G S{Ms), there exists a splitting-like notion R, i < S 
and A C |Mj| of size at most Xo such that q does not i?-spht 
over A. 

Then Ms is A-saturated. 

Proof. By Hypothesis 15.41 it is enough to check that Ms is A-saturated 
for types of length one. Let p G S{B), B C \Ms\ have size less than 
A. Let q be an extension of p to S{Ms). If q is algebraic, then p is 
realized inside Ms so assume without loss of generality that q is not 
algebraic. By assumption, there exists a splitting-like notion R, i < 6 
and A C |Mj| such that p does not i?-split over A and |A| < xo- 
Without loss of generality, i = 0. Now Mq is Xq- saturated so (by Fact 
I5.26P there exists A' C \Mq\ of size at most Xo such that q \ Mq does 
not split over A'. By making A larger if necessary, we can assume 
A = A'. 

Pick /i < A such that p > x^ + \B\ and M is stable in p. Such a p 
exists by the hypothesis on A. By Lemma 15. 171 there exists a sequence 
I of length /i+ which is Morley for q \ Mq over A, with the witnesses 
living inside Mq. Thus I is also Morley for q over A. 

By Lemma 15.251 Av(I/M 5 ) = q, and so in particular Av(I/i?) = q \ 
B = p. By Lemma 15.61 p is realized by an element of I C | Mq\ C | Ms \, 
as needed. □ 

The condition ([3]) in Theorem 15. 2 71 is useful in case we know that the lo¬ 
cal character cardinal for chains is significantly lower than the local 
character cardinal for sets Aq. This is the case when a superstability¬ 
like condition holds. If we do not care about the local character cardinal 
for chains, we can state a version of Theorem 15.271 without condition 

Q. 

Corollary 5.28. Assume: 

(1) A > x"*" is such that p^° < A for all p < \. 

(2) (Mj : i < h) is increasing and for all i < 6, Mi is A-saturated. 

If cf((5) > Xo , then Mi is A-saturated. 













32 


WILL BONEY AND SEBASTIEN VASEY 


Proof. Fix a < K. By Fact l5.26[ (fTll. J\f is a-stable in fi for any n < X 
with = /i and /i > y. By hypothesis, there are unboundedly many 
such /i’s. 

Let := Mj. By an easy argument using the cohnality condition 
on is Xq- saturated. By Fact 15.261 (l2|). for any p G there 

exists A C \Ms\ of size < Xo such that p does not split over A. By the 
cohnality assumption on 6, we can hnd i < 6 such that A C |Mj|. Now 
apply Theorem [523 and get the result. □ 

Remark 5.29. The proof shows that we can still replace ([T]) with 
“A > y"*" is such that Af is stable in p for unboundedly many /i < A”. 

We end this section with the following interesting variation: the car¬ 
dinal arithmetic condition on A is improved, and we do not even need 
that the Mfs be A-saturated, only that they realize enough types from 
the previous M/s. 

Theorem 5.30. Assume: 

(1) A > y is such that < A for all /i < A (or such that M is 
stable in p for unboundedly many /i < A). 

(2) M is such that for any q G S{M) there exists (M* : i < 5) 
strictly increasing so that: 

(a) 5 > A is a limit ordinal. 

(b) M = 

(c) For all i < S, is y^-saturated and Mj+i realizes q \ Mi. 

(d) There exists a splitting-like notion R, i < 6 and A C |Mj| 
of size at most yo such that q does not i?-split over A. 

Then M is A-saturated. 

Proof. By Hypothesis 15.41 it is enough to check that M is A-saturated 
for types of length one. Let p G S{B), B C \M\ have size less than A. 
Let q be an extension of p to S{M). If q is algebraic, then p is realized 
inside M, so assume q is not algebraic. Let (Mj : i < h) be as given by 
(]2j) for q. Let i? be a splitting-like notion for which there is i < 6 and 
AC \Mi\ such that q does not i?-split over A and |A| < yo. Without 
loss of generality, i = 0. 

Let /i := (y + (or take p < X such that p > x + \B\ and Af 

is stable in p). Note that p < X. For i < let a* G realize 

q \ Mi. By cohnality considerations, y"'■-saturated. By 

Fact 15.261 there exists i < p~^ and A' C |Mj| such that q \ 
does not split over A'. By some renaming we can assume without loss 
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of generality that A' = A. It is now easy to check that I := (oj : i < jjA) 
is Morley for q over A, as witnessed by (Mj : i < /i+). 

By Lemma 15.251 Av(I/M) = g, and so in particular Av(I/i?) = q \ 
B = p. By Lemma [5.61 p is realized by an element of I C |Mo| C \M\, 
as needed. □ 


6. Translating to AECs 

To translate the result of the previous section to AECs, we will use 
the Galois Morleyization of an AEG, a tool introduced in [Vase] : Es¬ 
sentially, we expand the language of the AEG with a symbol for each 
Galois type. With enough tameness, Galois types then become syntac¬ 
tic. 

Definition 6.1 (Dehnition 3.3 in [Vase] 1. Let K be an abstract class 
and let k be an inhnite cardinal. Dehne an expansion L of L{K) by 
adding a relation symbol Rp of arity E{p) for each p G gS^'^(0). Expand 
each V G iL to a L-structure N by specifying that for each a E N , 
Rp (a) holds exactly when gtp(a/0; N) = p. We write for K. We 
call the (< k)- Galois Morleyization of K. 

Remark 6.2. Let K be an AEG and k be an inhnite cardinal. Then 
\L{K<^)\ < |gS<"(0)| + \L\ < 2 <G+ls(a)+)_ 

Fact 6.3 (Theorem 3.16 in [Vase] 1. Let iL be a (< fi:)-tame abstract 
class, and let M < Ni, ai G [A^l, i = 1,2. Then gtp(ai/M;Vi) = 
gtp(a 2 /M; N 2 ) if and only i{3 tp^j^ Joi/M; Ni) = tp^j^ Jos/M; N 2 ). 

Moreover the left to right direction does not need tameness: if M < 
Ne, ai G i = 1,2, and gtpjhi/M; Vi) = gtp(a 2 /M; V 2 ), then 

= tp^£^_^(a2/M; V 2 ). 

Note that this implies in particular that (if iL is (< fi:)-tame and has 
amalgamation) the Galois version of saturation and stability coincide 
with their syntactic analog in K^'^. There is also a nice correspondence 
for the order property: 

Fact 6.4 (Proposition 4.4 in jVasej ). Let K be an AEG. Let K := 

If At G A has the (syntactic) order property of length a, then N has 
the (Galois) (< K)-order property of length Gonversely, if y > 
2<(k+ls(a:)+) jY (Galois) (< K)-order property of length 

{2^)~^, then N has the (syntactic) order property of length y. 

^^Recall that tp^j^ ^ stands for quantifier-free L^.K-type. 
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We will use these two facts freely in this section. It remains to hnd 
an independence notion to satisfy condition ([3]) in Theorem 15.271 The 
splitting-like notion R there will be given by the following: 

Definition 6.5. Let K he a. coherent AC and let k be an inhnite 
cardinal. 

(1) For p G N) and A O B, say p K-explicitly does not 

split over A if whenever p = gtp(c/i?; N), for any 5, b' G ^'^B, if 
gtp{b/A; N) = gtp(67A; N), then tp^j^ ^cfe/A; N) = tp^j^ ^c^/A; N), 

where L = L{K^^). 

N 

(2) Dehne iK-nes(A') := {K, W), where A -X i? if and only if M < 

M 

are in K, A, B C |77|, and gtp(a/i? U |M|; N) ^-explicitly does 
not split over M (for some/any enumeration a of A). 

Remark 6.6. This is closely related to explicit nonsplitting dehned in 
[BGKVl Dehnition 3.13]. The dehnition there is that p explicitly does 
not split if and only if it ^-explicitly does not split for all k. When 
K is fully (< fi:)-tame and short (see |Bonl4b( Dehnition 3.3]), this is 
equivalent to just asking for p to A-explicitly not split. 

Remark 6.7 (Syntactic invariance). Let 77 := 77^^. Assume tp^j {c/B]N) = 
tp^£^ ^(c'/R; 77) and gtp(c/R;A^) ^-explicitly does not split over A C 
B. Then gtp{c'/B] N) ^-explicitly does not split over A. 

The next result imitates |BGKV1 Lemma 5.6]: 

Lemma 6.8. Let i = (77, W) be a (< a, > A)-independence relation. 

Assume i has base monotonicity, transitivity, i^ has uniqueness, and 
k<ao(i) = A+, A < A+. Let M <N,\M\GB G |Ar|. If p g gS<"(R; N) 
does not i-fork over M, then p does not iK-nes(A")-fork over M. 

Proof. By monotonicity, we can assume without loss of generality that 
a = Uq. By local character and transitivity, there exists Mq < M of 
size A such that p does not i-fork over Mq. We will show that p does 
not iK-nes(77)-fork over Mq which is enough by base monotonicity for 
iK-nes(A'). So without loss of generality, assume M = Mq G 77^. 

Write p = gtp(c/R; A^). Let b,b' G ^'^B be such that gtpfb/M; N) = 
gtp{b'/M] N). By monotonicity, p \ Mb, p ( Mb' do not i-fork over 
M. Let N' > N and / : N N' be such that fib) = b'. By 

invariance, f{p f Mb) does not i-fork over M. Now using uniqueness 
for ix, f{p \ Mb) = p \ Mb'. The result follows. □ 
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The next technical lemma captures the essence of our translation: 

Lemma 6.9. Let K he & {< fi:)-tame AEG with amalgamation. Let 
Xo be such that: 

(1) xo > 2 <("+lsW+). 

(2) K does not have the (< A)-order property of length Xo • 

Set X := (2^^“)'*'. Let A be such that: 

(1) A > x+- 

(2) K is stable in /i for unboundedly many /i < A. 

Let i be a (< 1, > xo)-independence relation with underlying class 
Kxo-^^t that: 

(1) i has base monotonicity and transitivity. 

(2) ivn has uniqueness. 

(3) /ti(i) = Xo- 

Then: 

(1) If {Mi : i < (5) is an increasing chain of A-saturated models and 
cf(^) > Ki(i), then Ui <5 Mi is A-saturated. 

(2) If M G iG is such that for any q G gS(M) there exists (Mj : i < 
6) strictly increasing so that: 

(a) 6 > X and cf((5) > Ki(i). 

(b) M = U.<i M,. 

(c) For all i < 6, Mi is x^-saturated and Mj+i realizes q \ Mi. 
Then M is A-saturated. 

Proof. We prove the hrst statement. The proof of the second is anal¬ 
ogous but uses Theorem 15.301 instead of Theorem 15.271 Set Ms := 
Let N > Ms be such that N realizes all types in gS‘^'^(M 5 ). 
We check that Ms is A-saturated in N. Let K := be the (< k)- 
Galois Morleyization of K. Let J\f := N. By (< K)-tameness, it is 
enough to show that Ms is (syntactically) A-saturated in Af. Work 
inside J\f in the language of K. We also let 5 := {\M\ \ M < N}. Note 
that S satishes Hypothesis 15.21 

First observe that Hypothesis 15.221 holds as iRemark 16.2p \L{K)\ < 
2 <(k+ls(a') so has all the required properties. Also, Hypothesis 
15.41 holds by Remark 12.61 By hypothesis, A > x^- AVe want to use 
Theorem 15.271 and it remains to check that ([3]) there holds. 
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For A ^ B and p G define the relation R{p, A) to hold if and 

only if p = tp{c/B) and gtp(c/-B;iV) ^-explicitly does not split over 
A. Note that this is well-dehned by Remark 16.71 We want to check 
that this is a splitting-like notion fPehnition I5.23p . By dehnition of 
A-explicit nonsplitting, if p G S^°°{B) does not split over A O B, then 
R{p,A). Also, it is easy to check that R satishes the monotonicity 
axiom. It remains to check the weak uniqueness axiom. So let M 

be /i := ^|A| -I- {\L{K)\ -saturated, A C \M\ C B, and for 

£ = 1,2, G S^°°{B), R{qi,A) and qi \ M = q 2 \ M. Note that M 
is also /i-saturated in the Galois sense (by tameness and Remark [3]). 
Thus we can imitate the proof of Lemma 15.81 using Galois saturation 
instead of syntactic saturation to get b' satisfying gtp(6'/A) = gtp(&/A) 
(instead of just tp(6'/A) = tp{h'/A) as there). The dehnition of a- 
explicit nonsplitting then makes the proof go through. 

Now let q G gS{Ms). By dehnition of Ai, there exists i < 6 such that q 
does not i-fork over Mj. Now by dehnition of ki, there exists M < Mi of 
size xo such that q \ Mi does not i-fork over M. By transitivity, q does 
not i-fork over M. By Lemma 16.81 working syntactically inside J\f, q 
does not i?-spht over M. Thus ([3]) holds. Therefore Ms is A-saturated, 
as desired. □ 

We obtain the following result on chains of saturated models in stable 
AEGs: 

Theorem 6.10. Let iF be a (< K)-tame AEG with amalgamation, 
A > LS(iF). If K is stable, then there exists Xo < -^o < satisfying 
the following property: 

If A > Ao is such that < A for all p < A (or just that K is stable 
in p for unboundedly many /i < A), then whenever (Mj : i < 5) is an 
increasing chain of A-saturated models with cf((5) > Xo; we have that 
IJ Mi is A-saturated. 


Proof. Using Fact 12.91 pick xoo < ho < such that: 

(1) Xoo > 2 <('^+ls(a)+) ^ 

(2) K is stable in any p > po with p = 

(3) K does not have the (< A)-order property of length Xoo- 

(4) K is stable in xoo- 


Set Xo := xdo) -^o := ho + Let i be as given by Fact 12.221 with 

A there standing for xoo here. Then i satishes the conditions of Lemma 
I6.91 so the result follows. □ 
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The statement becomes much nicer in superstable AECs: 

Theorem 6.11. Let K he a. /i-superstable’*' AEG. Then there exists 
Ao < such that for any A > Aq: 

(1) is an AEG with = A. 

(2) If M G is such that for any q G gS(M) there exists 

{Mi : i < X) a resolution of M in such that q \ is 

realized in Mj+i for all i < X, then M G 


Proof. 


(1) We hrst show that any increasing union of A-saturated models 

is saturated. By dehnition of superstability, K is p-tame. Let 
Ao < be as given by the proof of Theorem 16.101 (applied 

to K>^). Let i be as given by Fact 12.221 with fi here standing 
for A there. In particular, Ki(i) = Kq- Now apply Lemma 16.91 
(note that by Fact 12.211 K is stable in any jj! > n). To see that 
LS(iG^'®'^*) = A, imitate the proof of |She90[ Theorem III.3.12]. 

(2) Use the second conclusion of Lemma 16.91 


□ 


Remark 6.12. A similar proof gives a more precise result if K is 
more than p-tame: If iL is a (< K)-tame AEG with amalgamation, 
LS(iL) < K, then there exists po < h{tf) such that if K is p-superstable 
with /i > po) then the statement of Theorem 16.111 holds for Aq := ■ 


The difference with Gorollarv 14.51 is that we do not need strong super¬ 
stability. Since we only know how to get strong superstability by going 
above a hxed point of the Beth function (Fact [221]), the Hanf number 
is also improved compared to the known cases (see the remark above). 
We also do not know how to prove Theorem 16.1 11 (j2i) with independence 
calculus. 


7. On superstability in AECs 

In the introduction to |She09a] . Shelah points out the importance of 
hnding a dehnition of superstability for AECs. He also remarks (p. 19) 
that superstability in AECs suffers from “schizophrenia”: dehnitions 
that are equivalent in the hrst-order case might not be equivalent in 
AECs. In this section, we point out that Dehnition 12.18! implies several 
other candidate dehnitions of superstability. Recall from Fact 12. 2 11 that 
Dehnition 12.18! implies that the class is stable on a tail of cardinals. We 
will focus on hve other dehnitions: 



























38 


WILL BONEY AND SEBASTIEN VASEY 


(1) For every high-enough A, the union of any increasing chain of 
A-saturated models is A-saturated. This is the focus of this 
paper and is equivalent to first-order superstability by |AG901 
Theorem 13]. 

(2) The existence of a saturated model of size A for every high- 
enough A. In hrst-order, this is an equivalent definition of su¬ 
perstability by the saturation spectrum theorem (Fact ll.2p . 

(3) The existence of a superlimit model of size A for every high- 
enough A. This is the dehnition of superstability listed by She- 
lah in |She09al Dehnition N.2.4]. Recall that a model M G Kx 
is superlimit if it is universal, has an isomorphic proper exten¬ 
sion in Kx, and whenever (M, : i < 6) is increasing in Kx, 
(5 < A"*", and Mi = M for all i < 6, then lJi <5 

(4) The existence of a good A-frame on a subclass of saturated 
models (e.g. for every high-enough A). Recall that a good 
frame is essentially a forking-like notion for types of length one 
(see [She09al Dehnition II.2.1] for the formal dehnition). Good 
frames are the central notion in |She09aj and are described by 
Shelah as a “bare bone” dehnition of superstability. 

(5) The uniqueness of limit models of size A for every high-enough 
A: Recall that a model M is {X,S)-limit over Mq if Mq < M 
are in Kx, 5 < A"*" is a limit ordinal and there exists (Mj : 
i < 6 ) increasing continuous such that Ms = M and i < 6 
implies Mi <univ Afj+i (recall Dehnition 12.181) . We say Kx 
has uniqueness of limit models if for any Mq G Kx, any limit 
61,62 < A"*", any M^ which are (A, h£)-hmit over Mq are iso¬ 
morphic over Mq. Uniqueness of limit models is central in 
|She991 ISV991 IVanOGl IVanl3j and is further examined in |GVVj 
(Theorem 7 there proves that the condition is equivalent to 
hrst-order superstability). These papers all prove the unique¬ 
ness under a categoricity (or no Vaughtian pair) assumption. 
In [She09al Lemma II.4.8], uniqueness of limit models is proven 
from a good frame (see also |Bonl4a( Theorem 9.2] for a de¬ 
tailed writeup). This is used in |BG] to get eventual uniqueness 
of limit models from categoricity, but the authors have to make 
an extra assumption (the extension property for coheir). 

Note that some easy implications between these dehnitions are already 
known (see for example |Drul31 Gorollary 2.3.12]). We now show that 
assuming amalgamation and tameness, if K is superstable, then all hve 
of these conditions hold. This gives an eventual version of |Drul31 Gon- 
jecture 4.2.5], which was initially claimed in |GW] . It also shows how 
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to build a good frame without relying on categoricity (as opposed to all 
previous constructions, see |She09a( Theorem II.3.7], [Vasal Theorem 
7.3], or jVasbl Theorem 10.16]). 


Theorem 7.1. If 77 is a p-superstable’’" AEG, then there exists Aq < 
such that for all A > Aq: 


(1) The union of any increasing chain of A-saturated models in K 
is A-saturated. 

(2) K has a saturated model of size A. 

(3) K has a superlimit model of size A. 

(4) There exists a type-full good A-frame with underlying class 

^A-sat 

(5) Kx has uniqueness of limit models. 


Proof. Note that by Fact 12.211 has no maximal models, joint 
embedding, and is stable in every cardinal. Let Aq < be as 

given by Theorem 16.111 and let A > Aq. Then is an AEG with 

= A. Thus ([T]) and ([2]) hold. If M is the saturated model of 
size A, then it is easy to check that M is superlimit: it is universal as 
K>^ has joint embedding, it has a saturated proper extension of size 
A since = A, and any increasing chain of saturated models 

in Kx of length less than A"*" has a saturated union. Thus ([3]) hold. To 
see dH), use |Vasb[ Theorem 10.8.2c]. 


We are now ready to prove ([3]). As observed above, a good frame 
implies uniqueness of limit models. Thus has uniqueness of limit 

models. It follows that Kx has uniqueness of limit models: Let be 
(A, (j^j-limit over Mq, 7 = 1,2. Pick Mq > Mq in By universality. 

Mg is also (A, (J^j-limit over some copy of Mq, so after some renaming we 
can assume without loss of generality that Mq = Mq. For i = 1,2, build 
(M' : i < 6i) increasing continuous such that for all i < Si, M' G 77^^^* 
and M- <univ ^i+i- possible (see for example |Vasb[ Section 


2.3]), and by a back and forth argument. Mi =Mo By uniqueness 
of limit models in Mj^ —Mo ^ 52 - Gomposing the isomorphisms, 

we obtain that Mi =Mo M^. □ 


Remark 7.2. If 77 is (< K)-tame and p-superstable"'', we can give a 
better bound on Aq as explained in Remark 16.121 Similarly, if 77 is 
K-strongly p-superstable"*" we can take Aq := , see Gorollary 

WM 
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